This paper discusses the well-posedness and exponential stability for nonlinear descriptor systems with discrete and distributed delays. The existence and uniqueness of the solution to the systems is first demonstrated by using the Picard's method. In terms of the Lyapunov method, the exponential stability of the slow subsystems is obtained. From the existence and uniqueness of the solution, a new homotopybased approach is proposed to investigate the exponential stability of the fast subsystems and thus some sufficient conditions for the exponential stability of the systems are obtained. Finally, the effectiveness of the proposed approach is illustrated by a numerical example.
Introduction
When considering the descriptor systems with time delays, one of the difficulties is that the quadratic Lyapunov function candidate is not positive definite. Thus, the stability of the fast subsystems needs to be addressed by using other approaches. A recursion relation of the fast variable that depend on a delay, for example, was obtained by an estimate of spectral radius of a coefficient matrix in [1] . A skillful inequality on spectral radius of a matrix is essential for asymptotic stability of the fast subsystems in [2] . In [3, 4] , by an estimation of a nonlinear mapping, the asymptotic stability for the fast subsystems of nonlinear descriptor systems with delay was obtained. Another difficulty is that the uniqueness and existence of the continuous solution for descriptor systems is not always guaranteed and the systems may also have undesired impulsive behaviors. In [2] , a linear descriptor system with multiple delays and distributed delays was transformed into a neutral system. The latter system has a unique solution. In [1, 5] , the uniqueness and existence of the solution for a linear descriptor system with delay was proposed. However, some asymptotically stable criteria were based on the assumption of the existence of the continuous solution (see [3, 6] ). To the best of the authors' knowledge, the issue of continuous nonlinear descriptor systems with time delays has not been fully investigated.
In this paper, we consider descriptor systems with discrete and distributed delays, which are more extensive forms than that in [2, 7] . The well-posedness of the solution to the systems is first demonstrated by using the Picard's method. In terms of the Lyapunov method, the exponential stability of the slow subsystems is obtained. From the existence and uniqueness, a homotopy-based approach (see [3, 4] ) is proposed to investigate the exponential stability of the fast subsystems and thus some sufficient conditions for the exponential stability of the systems are obtained. The effectiveness of the proposed approach is illustrated by a numerical example.
Notations. Throughout this paper, R n denotes the n dimension Euclidean space with vector norm · . R m×n denotes the set of all n × m real matrices. n, r, and n − r denote, respectively, the dimensions of the systems, slow subsystems and fast subsystems. The notation P > 0 for P ∈ R n×n means that P is symmetric and positive definite. I (I r ) is the identity matrix with appropriate dimensions(r−dimension). λ min (A) is the minimal eigenvalues of matrix A. The function x(t − d) with delay d is denoted by x d (t) or x d . Symmetric terms in symmetric matrices are denoted by * .
System Description and Assumptions
Consider the following nonlinear descriptor system:
with the initial condition
where
) is the state vector; d, h are delays satisfying 0 < d ≤ h; ϕ(t) is a continuous and compatible initial state (see [1] , [2] and [9] Note 1: By the differential and integral theorem (see [8] ), the inequalities in (3) imply
Definition 1 (see [5] (2) , the solution to system (1) satisfies
where ϕ c = max
ϕ . 
The proof of Lemma 1 is omitted. 
nonlinear function, T y = y + h(y). If there exists a constant
c h ∈ [0, 1) such that h(y 1 ) − h(y 2 ) ≤ c h y 1 − y 2 holds for arbitrary y 1 , y 2 ∈ R n , then T is a 1-1 mapping from R n onto R n . Especially, if J h (y) ≤ c h ,
where J h is the Jacobi matrix of h(y), then T is a homeomorphism mapping.
Proof It can be shown easily that T is a 1-1 mapping from R 
Lemma 4 Let u(t), k(t) ∈ C[a, b]) be nonnegative functions, c 0 be a positive constant. If u(t) satisfies the following inequality
then we have
Proof Inequality (7) yields [
. Integrating the inequality from a to t, we have
dξ. It yields (8) . 
holds for any y(t),ŷ(t) ∈ R n . Then there exists a unique solution to the initial value problem
Proof The initial value problem can be transformed into a integer equation. It can be easily shown that there exist a unique solution to the integer equation by using the Picard's iteration method. The proof is omitted.
be continuous with respect to t, and there exist two constants c f 1 
holds for any
, there exists a unique function y = h(t, y 1 (t)) continuous on [a, b] that satisfies the following integer equation
Furthermore, the function h(t, y 1 (t)) satisfies (9) .
, there exists a unique y such that T y =ẑ. Construct a sequence {y
is the solution to the following equation
Thus, by using the Picard's iteration method, we can easily show that the sequence {y j (t)} converges uniformly to a continuous function y * (t), and the function y * (t) = h(t, y 1 (t)) is a unique solution to integer equation (11) for any given y 1 (t). Now, we further show that (9) holds. In fact, let y(t) = h(t, y 1 (t)),ŷ(t) = h(t,ŷ 1 (t)). We have
From (10), it follows that 
By Lemma 4, we obtain the inequality y(t) −ŷ(t) ≤ k(t)
+E T P = P T E ≥ 0,(12)A T P + P T A + ε −1 1 P T P + ε 1 F T F < 0,(13)
then there exists a unique continuous solution to system (1) with compatible initial condition (2).
Proof We only show that there exists a unique solution continuous on [0, d] to system (1) with compatible initial condition (2) . The proof on the other intervals can be shown similarly by induction.
Inequality (13) implies P
It follows from Lemma 2 that there exist matrices
that satisfy all properties in Lemma 2. Also, inequalities (12) and (13) imply that there exists a constant q 1 ≥ 0 such that (see the proof of Lemma 2.2 in [9] )
Let
x, y d = col(y 1d , y 2d ). Then system (1) is equivalent to the following subsystemṡ
We limit t ∈ [0, d] and thus x(t − d) is known. Let a(t)
= −A d2 N −1 ϕ(t − d) + 0 t−h B 2 N −1 (ξ − t)ϕ(ξ)dξ,f (t, y 1 , y 2 ) = −M 2 f (t, N 1 y 1 (t) + N 2 y 2 (
t), ϕ(t)) + a(t). Given y 1 (t) continuous on [0, d], subsystem (16) can be rewritten as
From (4) and (14), it follows that f (t,
Thus,f (t, y 1 , y 2 ) satisfies (10). By Lemma 6, it follows that there exists a unique solution y 2 (t) =
h(t, y 1 (t)) to equation (17). It can be shown that the function h(t, y 1 (t)) is continuous on (0, d) if ϕ(t) is continuous on (−d, 0), meanwhile, h(t, y 1 (t)) is right continuous at t = 0 and left continuous at t = d if ϕ(t) is continuous on [0, d]
and satisfies the compatible initial condition. Furthermore, the function y 2 (t) = h(t, y 1 (t)) and thus the right hand side of equation (15) 
hold, where
then (i) There exists a unique continuous solution to system (1) with compatible initial condition (2);
(ii) System (1) is exponentially stable.
Proof Inequality (18) implies inequality (13). Thus we can obtain conclusion (i) by Theorem 1.
Let matrices Q > 0, R > 0, P satisfy inequality (18),
We choose the descriptor type Lyapunov-Krasovskii functional for the system (1) as follows
. By calculation, we havė
Using an approach similar to [3, 4] , we can show that there exist constants c 1 > 0, c 2 > 0 such that
Inequality (20) yields that
. So the slow subsystem of system (1) is exponentially stable.
To prove exponentially stability of the fast subsystem, we first establish an inequality.
. From H 0 < 0, we can deduce the following inequality (see Lemma 3 in [3] and Lemma 4.2 in [4] )
where τ > 0 is some constant. Thus
By the Schur complements Lemma, we have
We can obtain an inequality
Next, we will show that the fast subsystem is exponentially stable. By conclusion(i), there exist unique continuous solutions y 1 (t), y 2 (t) to (15), (16) with compatible initial condition. Fix
We define a mapping T λ : N 1 y 1 , N 1 y 1d ) . By Lemma 3, together with (3) and (14), T λ is a homeomorphism. Thus, there exists a unique vector
It is obvious that p(0,t) = 0. From the uniqueness of the solution to equation (16), it follows that p(1,t) = y 2 (t). Differentiating equation (24) in λ, we get It can be shown that (see [3, 4] ) there exist constants c 6 > 0, c 7 > 0 such that
Thus, the fast subsystem is exponentially stable. This completes the proof of (ii).
Note 2:
If f = 0, that is, descriptor system (1) is a linear system, setting F 1 = 0, F 2 = 0, then inequality (18) can be simplified as
It is equivalent to inequality (25) of Theorem 1 (m=1) in [2] . So Theorem 2 can be regarded as an extension of Theorem 1 in [2] .
Let E ⊥ ∈ R (n−r)×n satisfy E ⊥ E = 0. Using the approach of Theorem 2.2 in [9] , inequalities (12) and (18) can be transformed into a Linear Matrix Inequality (LMI). [9] , the result is
